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Abstract 
A new analytical model is proposed for penetration resistance of brittle materials that takes into account strain hardening of solid phase of 
powder material in Mescal zone ahead of penetrator. The strengthening is taken into account by analogy with theories of deformation and 
compaction of powder materials with elastic-plastic solid phase. The model is an extension of the penetration resistance model proposed 
by authors earlier. Model performance is demonstrated by example calculation of penetration resistance for glass which at high pressures 
shows residual densification and increase of elastic modulus. Strain hardening of solid phase was shown to increase penetration 
resistance. 
Keywords: penetration resistance; cavity expansion ; strain hardening; porous material 
1. Introduction 
This paper presents an analytical approach to modeling the penetration resistance of brittle materials. The attractiveness 
of analytical approach follows from the fact that it allows direct analysis of the influence of the basic properties of target 
and projectile materials on formation of penetration resistance as well as evaluation of the effect of geometrical factors of 
target and projectile. This approach does not require large computational resources and has no alternative in the absence of 
fundamental physical concepts and material data for the implementation of a more accurate numerical approach. Analysis of 
the literature shows [1-4] that the interest to the analytical approach, in particular to models of brittle materials taking into 
account shear dilatancy [3,4], does not weaken, and this trend will continue in the near future. 
The proposed modification of the model of a spherical cavity expansion and penetration [5,6] in brittle materials takes 
into account strain hardening of the solid phase during compression of the powdered (comminuted) material in contact with 
the projectile (Mescal-zone). 
2. Description of the model 
In accordance with [5,6] three regions are formed before the projectile with different rheology: 1) crushed and compacted 
material region (Mescal-zone), adjacent to the projectile (volumetric strain e < 0); 2) dilation and pore formation region, 
formed by radial cracks (e > 0); 3) elastic region (e = 0), farthest from the projectile (see Fig.1).  
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Fig. 1. Model scheme of cavity expansion in spherical coordinates 0rMT, r = a corresponds to projectile-target interface. 
Following [6], penetration resistance R has three additive components: dynamic Rd, kinematic Rk and quasi-static Rt (R = 
Rd + Rk + Rt). The first two components, respectively, depend on acceleration and velocity of the projectile-target contact 
surface, as well as density of the target material. Quasi-static component Rt depends on the elastic and strength properties of 
the target material, as well as on its initial porosity T0 or damage. It is defined by a model of spherical cavity expansion in 
brittle material [5], see Fig. 1. Therefore, value of Rt is of greatest interest for estimation of penetration resistance of the 
target material. It is defined by the formulas [5]: 
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where Tk is the porosity of the region 1, determined by equation:     * *1 1 exp 1k c k ke K    T T T T V , T *, ec are the 
porosity and volumetric deformation in the region 2 at the border with the region 1, Tk < T *; Ks, Gs are the modules of 
uniform compression and shear of solid (defect-free) material; E, ν are Young's modulus and Poisson's ratio of material with 
a porosity T0; σf  – tensile strength under uniaxial tension for the material with a porosity T0; σ* < 0 is the compressive stress 
at the boundary of regions 1 and 2, normal to this interface. At low porosity Tk stress-strain state in Mescal-zone is close to 
hydrostatic. Modulus E, ν can be defined by experiment or by formulas: 
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where Ks, Gs are the bulk and shear modules of solid phase of regions 2, 3. 
Estimation of strength σf can be carried out, for example, by formulas [7,8]: 
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where σfs is the strength in uniaxial tension of solid phase of material in region 3, m – experimental parameter. 
Porosity Tk in the region 1 is assumed constant, stress and strain are variable. Stress-strain state in regions 1 – 3 (see 
Fig. 1) is estimated similar to [5]. 
The proposed modification of the models [5,6] consists in determining of porosity Tk and stress σ* at the boundary 
between regions 1 and 2, where crushing and compaction of crushed material (i.e. formation of Mescal-zone 1) from the 
material of region 2 takes place, by taking into account strain hardening under compression of solid phase of powder 
material with the following set of nonlinear equations 
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where modules of uniform compression Ks(ω) and shear Gs(ω) of solid (defect-free) material depend on the equivalent 
strain ω (see further section 2.1) at the boundary of region 1 with region 2, ek is the volumetric strain in region 1 at this 
boundary. If strain hardening is absent, then set of equations (2) breaks up into two independent equations [5].  
In equations (2) σs is the strength of solid phase at pure shear, dependence σs(ω) is a material characteristic of solid phase 
and is determined experimentally (see section 2.1); porosity T* depends on σ* (see (1)); ω > 0 is the equivalent strain of solid 
phase of powder material, whose velocity Z  is taken as [9-14] 
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where ,e J  are the velocity of volumetric strain and velocity of shearing strains intensity at the boundary of regions 1 and 
2; 3 2s e  J  is the indicator of strain state, which corresponds to compression of the powder material with a current 
porosity T in a press mold, see [5,9]; \, M are the porosity functions (it is assumed that T d 2/3, because at T > 2/3 Poisson’s 
ratio of porous solid becomes negative). Therefore, taking into account law of mass conservation  1 e T T  and 
integrating (3), we obtain for the equivalent strain ω formula (2). At the boundary between 1 and 2 the cracked material is 
comminuted and compacted from porosity T* to porosity Tk. At this interface the jumps of hoop and shear stresses, 
volumetric strains and pressure take place. 
Positive value (–σ*) can be regarded as a material characteristic, since it depends only on properties and initial porosity T0 
of the material. Penetration resistance Rt is directly proportional to this value, see (1). 
In theories of flow of powder materials with elastic-plastic solid phase value ω can be viewed as an accumulated strain of 
solid phase which depends on strain-stress state, and σs is the flow stress under pure shear [9-14]. Thus, dependence 
σs = σs(ω) defines strengthening of material and can be determined experimentally on solid (nonporous) samples. Value ω is 
a measure of deformation accumulated in the matrix material (ω is the averaged deformation of solid phase) and with 
known deformation trajectory it is determined from macroscopic velocities of volume and shear deformations (see (3)) and 
is expressed through initial and current porosity, see (2) [9-11]. Unlike these theories, for brittle materials of solid phase 
functional dependence σs = σs(ω) is viewed as a relationship between strength under pure shear σs and equivalent 
deformation ω which is an accumulated inelastic deformation. This is why this dependence is used at the front r = b (see 
Fig. 1), where porous material of the region 2 is compressed and fractured (comminuted) by shearing stresses and then 
densified in accordance with theories of compactable powder materials, transforming into Mescal zone material. Recall that 
the expansion of the material (e > 0) takes place in the region 2 (see Fig. 1 and [5]). At the front r = b shearing stresses have 
a jump while radial ones are continuous. Here strength condition 
 2 2 21 Sp   W T V\ M ,                                                                            (4) 
is used, which is an analog of flow condition for powder and porous materials with elastic-plastic matrix. Here the following 
notation is accepted:         1 22 2 21 2 2 3 1 31 3 ª º     ¬ ¼W V V V V V V ,  1 2 3 3p   V V V , σi, i = 1, 2, 3 are the 
principle stresses, T is the current porosity. Law of deformation (compaction of powder fractured material) associated with 
loading surface (4) has the form: Mp = s\W, where 3 2s e  J  is the index of strain state [5,9].  
In our opinion, brittle materials under compression, accompanied by fracturing with subsequent compaction of 
comminuted material, should show strain strengthening with increase in compressive stresses (similar to elastic-plastic 
materials). This can be explained by the fact that after fracturing more strong fine particles are formed with increase in 
compressive stresses, which require, in turn, higher compressive stresses for deformation, fracturing and compaction, as 
well as possibly different deformation mechanisms. Research and analysis of constitutive equations for glass at high 
pressures has shown [15] that some features of strain-stress state in glass indicate the existence of strain hardening at 
compressive stress increase. In particular, under hydrostatic compression by pressure p for function p = p(P) there exists 
(see [15], Fig. 1 and Fig. 3) such a region (Pelastic d P d Plock) of volumetric deformations P = U/U0 – 1 (U0 is the initial 
density, U is its current value) where glass has permanent densification (deformation) Pperm and at P > Plock elastic stiffness 
of glass increases approximately 2-fold compared to its initial value. Dashed line in Fig. 2 shows graph of functional 
dependence p = p(P) under hydrostatic compression from [15], Fig. 3, as well as graph of function ps = ps(P) (solid line): 
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which approximates function p = p(P) and will be considered further as a strain hardening of solid phase under hydrostatic 
compression. Dependence p = p(P) is characteristic for glass. For simplification in (5) linear dependence was used on the 
interval 0 d P d Plock, however, nonlinear one is also possible. Approximation (5) is acceptable when elastic deformations 
are significantly lesser than non-elastic and can be neglected. It corresponds to the theory of compactable powder materials 
with incompressible matrix based on relationship (4) used in the model. Since this approximation is used only at the front 
r = b (see Fig. 1) where material of the region 2 is fractured and then comminuted material is compacted and elastic 
deformations are small, then the use of (5) in the model is fully justified.  
 
Fig. 2. Graph of dependence ps = ps(P) (solid line) of strain hardening of glass from volumetric strain P = U/U0 – 1 under hydrostatic compression. Function 
ps(P) approximates graph of dependence of hydrostatic pressure P from P from [15] (Fig.1, Fig.3) (dashed line).  
2.1. Determination of the functional dependence σs = σs(ω)  
The authors were not able to find in literature necessary data on strain hardening of brittle materials and demonstration 
calculations were done for model glass used in [15]. Function σs = σs(ω) was determined from function (5) which here is 
viewed as experimental to show main features of the proposed model.  
From strength condition (4) under hydrostatic pressure (W = 0, s = –f) we have: 
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where equivalent deformation ω for such compression is equal [10]: 
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Here T* is the initial porosity, T is the current porosity. Similarly to elastic-plastic materials [9-15], in the proposed model 
deformation ω is considered as deformation of solid phase (matrix) under hydrostatic compression of powder material, i. e. 
ω = P. From this we have the following relationship 
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for definition of dependence σs = σs(ω), where ps(ω) is function (5). 
From this follows that function σs(ω) has a form of function ps(ω) and at T close to T* it weakly depends from current 
porosity. Therefore for σs(ω) piecewise linear approximation is applied (σs(ω) = A + Bω) and relationship (8) has a form:  
     
212
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where on each interval 0 d ω d Plock, ω > Plock coefficients A, B have different values and equivalent deformation ω is 
defined by equation (7). 
For powder materials with elastic-plastic matrix dependence σs(ω) is often taken in the form [9-14]: σs(ω) = A + BωD, 
where constants A, B, D d 1 are found from experimental data.  
2.1.1.  Estimation of coefficients A, B  for 0 d ω d Plock  
In (9) coefficients A, B can be estimated from the condition T = T*, where porosity T* corresponds to the porosity formed 
at the boundary r = b + 0 during expansion of spherical cavity in solid material with strength ps(0) = Y1. This is done to 
ensure that the right-hand part of (9) was most consistent with the left-hand part for solid (defect-free) material (T0 = 0). 
Thus, at ω = 0 and T = T* (this follows from (7)), from (9) for А we obtain value:  
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and at ω = Plock for coefficient B: 
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Thus, on the interval 0 d ω d Plock  value σs = A + Bω, and coefficients A, B are calculated by formulas (10) – (11). 
 
2.1.2.  Estimation of coefficients A, B for ω > Plock 
 
In this case, for determination of A, B we have an equation (see (5) and (9)): 
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From continuity condition of both parts of equation (12) at ω = Plock from (12) we obtain equation  
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where T* is the same value as in formulas (10), (11) because we take T closest to T = 0. Next, differentiating (12) with 
respect to ω, we have 
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From this for coefficient B we obtain  
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and then find coefficient А from (13): 
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2.1.3.  Estimation of bulk modulus Ks(ω), ω > Plock in Mescal zone.  
As was noted earlier, strengthening at the front r = b increases bulk elastic modulus in Mescal zone. Bulk modulus Ks(ω) 
is found by linear interpolation between initial bulk modulus K1 and K2 modulus at P > Plock (see Fig. 3): 
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Fig. 3. Dependence of bulk modulus of solid phase Ks from P = ω. 
It is obvious that the problem of strain hardening of brittle materials under compression, followed by deformation and 
compaction of the comminuted material, is very complex and requires further theoretical and experimental investigation. In 
particular, it is necessary to develop methods of experimental determination of basic dependencies σs(ω), ps(ω) and others. 
Some methods for the experimental determination of such dependencies are considered in [14] for ductile materials.  
3.  Example of calculation of penetration resistance 
Set of nonlinear equations (2) is solved by an iterative method and ** lim nnof V V , limk knnof T T , where 
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The analysis of the obtained evaluation formulas shows that the strain hardening of solid phase of powder material in 
Mescal-zone changes the ratio of the sizes of zones 1-3 and increases the value of the penetration resistance.  
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Similar to the technology of compaction of powder and porous bodies [7], the porosity acts as a hardening factor. This 
can be seen directly from formulas (1), (2). For materials exhibiting such hardening, its impact could be significant. The 
calculations to demonstrate performance of the model were carried out for a model brittle material (glass, [15]) with the 
following data for defect-free material: G = 5 GPa, K1 = 10 GPa, K2 = 20 GPa, Y1 = 1 GPa, Y2 = 2.5 GPa, σfs = 0.1 GPa, 
σf = 2σfs(1 – T0)2(4 – 3T0)–1/2 [7,8], Plock = 0.5. Table 1 shows results of calculation. 
 
Table 1. Results of calculation for the model glass material with and without strain hardening 
 Model without strain hardening Model with strain hardening 
T0 T* –σ*, GPa Tk –ek a/b Rt, GPa T* –σ*, GPa Tk –ek a/b Rt, GPa ω σs, GPa 
0.01 0.0646 1.038 0.00907 0.1038 0.718 1.047 0.1136 1.810 0.00964 0.1004 0.839 1.819 0.4009 0.8952 
0.02 0.0715 0.9764 0.0183 0.0976 0.706 0.995 0.1162 1.683 0.0182 0.0993 0.825 1.700 0.3469 0.8455 
0.03 0.0786 0.9204 0.0275 0.0920 0.694 0.949 0.1202 1.571 0.0274 0.0974 0.813 1.598 0.3067 0.8084 
0.04 0.0860 0.8694 0.0369 0.0869 0.684 0.907 0.1251 1.473 0.0367 0.0950 0.801 1.510 0.2757 0.7798 
0.05 0.0936 0.8229 0.0464 0.0823 0.674 0.869 0.1305 1.387 0.0460 0.0924 0.790 1.433 0.2508 0.7568 
0.06 0.1014 0.7802 0.0559 0.0780 0.665 0.835 0.1364 1.309 0.0553 0.0896 0.780 1.364 0.2300 0.7376 
0.07 0.1094 0.7411 0.0655 0.0741 0.657 0.805 0.1427 1.238 0.0648 0.0869 0.771 1.302 0.2123 0.7214 
0.08 0.1176 0.7050 0.0751 0.0705 0.649 0.777 0.1493 1.173 0.0742 0.0841 0.762 1.246 0.1971 0.7073 
0.09 0.1260 0.6717 0.0848 0.0672 0.641 0.752 0.1561 1.113 0.0838 0.0814 0.754 1.195 0.1838 0.6951 
0.1 0.1344 0.6408 0.0945 0.0641 0.634 0.729 0.1632 1.058 0.0934 0.0787 0.746 1.149 0.1721 0.6843 
0.12 0.1517 0.5853 0.1141 0.0585 0.621 0.689 0.1781 0.9603 0.1127 0.0736 0.731 1.068 0.1525 0.6662 
0.14 0.1693 0.5369 0.1338 0.0537 0.609 0.655 0.1937 0.8752 0.1322 0.0687 0.718 0.998 0.1366 0.6515 
0.16 0.1872 0.4941 0.1536 0.0494 0.599 0.626 0.2098 0.8006 0.1518 0.0642 0.706 0.938 0.1235 0.6394 
0.18 0.2053 0.4561 0.1735 0.0456 0.590 0.600 0.2264 0.7347 0.1715 0.0600 0.695 0.886 0.1125 0.6293 
0.2 0.2237 0.4219 0.1934 0.0422 0.581 0.578 0.2434 0.6760 0.1914 0.0560 0.685 0.840 0.1031 0.6206 
0.25 0.2703 0.3498 0.2436 0.0350 0.563 0.532 0.2871 0.5537 0.2414 0.0473 0.664 0.745 0.0847 0.6037 
0.3 0.3175 0.2919 0.2940 0.0292 0.549 0.495 0.3322 0.4571 0.2918 0.0400 0.648 0.669 0.0712 0.5912 
0.35 0.3653 0.2441 0.3445 0.0244 0.538 0.463 0.3781 0.3787 0.3424 0.0338 0.635 0.604 0.0607 0.5815 
0.4 0.4133 0.2039 0.3951 0.0204 0.529 0.433 0.4248 0.3136 0.3933 0.0284 0.625 0.546 0.0523 0.5738 
0.45 0.4617 0.1696 0.4458 0.0170 0.523 0.403 0.4719 0.2588 0.4442 0.0237 0.618 0.492 0.0454 0.5674 
0.5 0.5102 0.1400 0.4965 0.0140 0.519 0.372 0.5193 0.2122 0.4951 0.0197 0.614 0.438 0.0395 0.5620 
0.55 0.5588 0.1144 0.5472 0.0114 0.518 0.337 0.5671 0.1722 0.5460 0.0161 0.613 0.384 0.0346 0.5574 
0.6 0.6075 0.0920 0.5978 0.0092 0.519 0.299 0.6150 0.1376 0.5969 0.0130 0.615 0.329 0.0303 0.5535 
 
Calculated coefficients A and B are: A= 0.526 GPa, B= 0.922 GPa for interval 0 d ω d Plock, formulas (10), (11); A= –2.96 
GPa, B= 7.89 GPa for ω > Plock, formulas (15), (16). Coefficients were calculated at T* = 0.1136. Poisson’s ratio was 
calculated by formula ν = (3K1 – 2G)/(6K1 + 2G), ν = 0.286. 
Dependence of resistance Rt on initial porosity T0 and comparison with material without hardening is shown in the Fig. 4. 
Model predicts strong influence of porosity on hardening at lower porosities.  
 
 
Fig. 4. Dependence of penetration resistance Rt (a) and ratio a/b (b) from initial porosity T0 for material with and without strain hardening 
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Strain hardening significantly increases stress σ* at the boundary between cracked and comminuted material and this 
leads to increase in penetration resistance. Size of comminuted region decreases by at least 10%.  
4. 4. Conclusion 
A new analytical model is proposed for that part of penetration resistance which most depends on the properties of brittle 
material of the target. It is a modification of the model proposed by authors earlier and takes into account strain hardening of 
matrix material of Mescal-zone compacted powdered material which is formed ahead of projectile during penetration into 
target. This modification is based on theories of deformation and compaction of powder materials with elastic-plastic 
matrix. Model performance was tested by calculation of penetration resistance for model glass that has permanent 
densification at high pressures with resulting increase in bulk elastic modulus. Strain hardening is shown to increase 
penetration resistance.  
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